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Abstract
Using Bauer’s expansion and properties of spherical Bessel and
Legender functions, we deduce a new transform and briefly indicate
its use.
Using properties of spherical Bessel and Legender functions, we would now
like to deduce a new Integral Transform. Our starting point is Bauer’s ex-
pansion (this and a few other known results quoted can be obtained from
refs. [1]-[5]):
eızt =
∞∑
(2n+ 1)ınPn(t)jn(z)
Using the orthogonalty of the spherical Bessel and Legender functions, viz.,
the relations
∫
∞
−∞
jn(z)jm(z)dz =
∫
∞
−∞
Jn+ 1
2
(z)Jm+ 1
2
(z)
dz
z
= 0
if
m 6= n
and
=
2
(2n+ 1)
ifm = n
∫ +1
−1
Pn(t)Pm(t)dt = 0
if
m 6= n,
1
and
=
2
2n+ 1
ifm = n
in Bauer’s expansion we get
∫ 1
−1
eıztPn(t)dt = 2ı
njn(z) (1)
∫
∞
−∞
jn(z)e
ıztdz = 2ınPn(t) (2)
We consider that z is real. We would also need the following
Jν(z) =
(1
2
z)ν
Γ(ν + 1
2
)Γ(1
2
)
∫ pi
0
cos(z cosΘ) sin2ν ΘdΘ
(
Re(ν +
1
2
) > 0
)
ν = n+
1
2
Whence,
Jν(−z) = (−1)
νJν(z) = (−1)
nıJν(z)
or
j˙n(−z) = (−1)
nj˙n(z) (3)
Let us consider a function g(z) which can be expanded as an infinite linear
combination of spherical Bessel functions, on the lines of Neumann’s expan-
sion in terms of ordinary Bessel functions. This can be done because of the
orthogonality relations above. Similarly, we will also use the known expan-
sion in terms of Legender functions. Thus we have,
g(z) = cnjn(z)
=
∑
cn(2ı
n)−1
∫ 1
−1
eıztPn(t)dt
or,
g(z) =
∫ 1
−1
f(t)eıztdt (4)
where
f(t) =
∑
c¯nPn(t), (c¯n = cn(2ı
n)−1)
=
∑
c¯n(2ı
n)−1
∫
∞
−∞
jn(z)e
ıztdz
2
or
f(t) =
∫ 1
4
∑
cn(−1)
njn(z)e
ıztdz
=
1
4
∫
∞
−∞
∑
cnjn(−z)e
−ı(−z)tdz
wherein we have used (3), or,
f(t) =
1
4
∫
∞
−∞
g(y)e−ıytdy (5)
In deducing (4) and (5), we have used (1) and (2), and the summations are
infinite. Moreover we assume that for f(t) and g(z) derivatives of all orders
exist over their domains.
So finally,
g(z) =
1
4
∫ +1
−1
∫
∞
−∞
g(y)eı(z−y)tdydt (6)
The relations (4), (5) and (6) are the desired new relations. As an application,
let us consider the differential equation,
Lopg(z) = h(z), (7)
where Lop is a linear differential operator. Using (6) in (7), we get,
Lopg(z) = F (
d
dz
)g(z) =
1
4
∫ +1
−1
∫
∞
−∞
F (ıt)g(y)eı(z−y)tdydt = h(z)
or
Lopg(z) = A
∫ +1
−1
f(t)F (ıt)eıztdt = h(z)
=
∫ +1
−1
hˆ(t)eıztdt (8)
where we have used (4),
h(z) =
∑
dnjn(z), hˆ(t) =
∑
d¯nPn(t)
d¯n = dn(2ı
n)−1
So we get
f(t)F (ıt) = hˆ(t)
3
As hˆ(t) andF (ıt) are known so is f(t) known and therefore also g(z). Infact
f(t) =
1
4
∫
∞
−∞
g(y)e−ıytdy =
∑
c¯nPn(ıt)
so that
g(z) =
∑
cnjn(z), c¯n = (2ı
n)−1cn
Remarks:
1. We note that Neumann’s expansion alluded to applies for any analyti-
cal function g(z):
g(z) =
∞∑
n
bnJn(z)
However the expansion in (4) is in terms of Spherical Bessel functions. As
mentioned such an expansion can always be justified, as in the case of the
Legender polynominal expansion of any function f(t) given in (5), by using
the orthogonalty properties of the jn(z) and Pn(t) given above.
2. The above consideration in relation (6) is to be distinguished from the
so called Hankel transform. Further, it must be noted that the domains of
integration in (4), (5) and (6) are (−1, 1) for t and (−∞,∞) for z.
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